Chapter 1: The First Law

Introduction

A discussion of thermodynamics typically begins with the first law of thermodynamics.

In very ssimple terms, the first law isaconservation law. That is, thefirst law states that the
energy of the universe is constant. In athermodynamics context, energy, also referred to as
internal energy, is symbolized by U or E. The quantity symbolized by U represents the sum of all
kinetic and potential energy for aset of particles. Assuch, if we knew the current state (positions
and momenta ) of this set of particles, we could determine the internal energy of that collection of
particles. This meansthat internal energy is astate function rather than a path function. A state
function does not depend on the history of the system but only on the current configuration of a
set of particles. Most, but not al, thermodynamic properties which we will discuss are state
functions.

Another way of stating the first law is that any change in the energy of asystemis
balanced by an equal and opposite change in the energy of the surroundings. The system is that
(small) portion of the universe under study while the remainder of the universeis defined to be
the surroundings.
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Thisformulation of thefirst law isthe most useful formulation in alaboratory setting. Thisis
because, in the laboratory, we are typically interested in what is happening in only avery small
portion of the universe (the system) rather than what is happening to the entire universe.
Furthermore, it is often easier to measure an effect in the surroundings and then use the first law
to deduce what is occurring in the system.

Heat and Work

In addition to defining internal energy, the first law also defines the two mechanisms for
transferring energy between the system and the surroundings; heat and work. At a macroscopic
level, work is defined as the application of aforce through a distance or the displacement of
matter through a potential. Thus we can speak of gravitational work as the displacement of mass
through a gravitational potentia difference or electrical work as the movement of charge through
an electrical potential difference, or chemical work as the movement of molecules through a
chemical potential difference. Mathematically, the differential work can be represented as the
dot product of two vector quantities (force and displacement).
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Since work is defined as adot product, it will be ascalar rather than vector quantity. Thus work
does not have a direction associated with it but is a signed quantity. The sign associated with an
amount of work done is always determined in thermodynamics from the perspective of the
system. If the interna energy of the system increases, then we say the surroundings did work on
the system and w is positive. If theinternal energy of the system decreases, we say that the
system did work on the surroundings and w is negative.



An interesting feature of the common types of work isthat in each case, differential work is
calculated by multiplying an intensive quantity times the differential of an extensive quantity.
Anintensive quantity is a property of a system that is independent of the number of molesin the
system while an extensive property is one which depends linearly on the number of moles. For
instance, consider a system composed of liquid water. If we double the number of moles of
water in a system, we will double the volume as well so that volume is an extensive property of
the system. However, we can double the number of moles of water without changing the
temperature at all thus temperatureis an intensive quantity. Likewise, if we double the moles of
water, we do not change the density of water; so density isintensive even though it isaratio of
two extensive quantities (mass and volume). The example of density illustrates a genera
principal. Any extensive property can be made intensive by reporting it on aper mole basis. So
mass is extensive but molecular weight isintensive; volume is extensive but molar volumeis
intensive and kinetic energy is extensive but energy per mole isintensive.

The total work doneisthe path integral of equation 2. It isapath integral because the
value of w depends not only on the state of the system at the beginning and end of the process but
also on the path by which the system moves from the initial to final state. A common type of
work is the work involved in expanding or compression a system containing agas. The amount
of work will be different if the volumeis changed at constant pressure than if the volumeis
changed at constant temperature. Also the amount of work will depend on the whether the
volumeis changed from itsinitial valueto itsfinal value in one step or a series of smaller steps.
Thus unlike internal energy for which we need to know only the initial and final statesin order to
calculate the change in energy, in order to calculate work, we must have knowledge of the path or
process which connects the initial and final states.

The second mechanism of energy transfer between the system and surroundingsis called
heat and is given the symbol g. Heat is often correlated at a macroscopic level with achangein
temperature of the system. However, it isimportant to recognize that there can be atransfer of
heat between system and surroundings without a temperature change and that the same
temperature change may represent different amounts of heat transfer depending on the path used.
Aswith work, heat is a scalar quantity and the sign associated with heat identifies the direction of
the energy transfer. If qis positive, the heat flow isinto the system and the internal energy of the
system increases. If qisnegative, the heat flow is out of the system and the internal energy of the
system decreases. Like work, heat is aso apath function. We must specify the path taken to get
from the initial to the final state in order to calculate the heat for a particular process. Thusif we
change the temperature of the system while keeping the volume constant, the heat will be
different than if we change the temperature by the same amount while keeping the pressure
constant.

We can write the first law of thermodynamics for any process in terms of heat and work
as
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Note that we define the change in U (internal energy) but that g and w are never written with Din



front of them. Thereis no such thing as achange in heat or a change in work since they are path
functions. However, since U isastate function, DU isawell defined concept; U of thefina state
minus U of theinitial state. An odd feature of this formulation of thefirst law is that achange in
a state function (U) can be represented as a sum of path functions (g and w). Thistells usthat for
different paths, heat and work will be different but must change in complementary ways so that
DU aways has the same value for the same initia and fina states.

We can also describe heat and work from a microscopic perspective. We know that at a
microscopic level, we can use quantum mechanics to describe a system of atoms or molecules.
In quantum mechanics, particles are required to exist in alowed energy levels. Thuswe would
define a system by describing the number of particles in each of the allowed energy levels of the
system. For this point of view, work occurs during any process which changes the allowed
energy levels. A simple example of thiswould be a set of protonsin an nmr tube which can be
spin up or spin down (two allowed energy levels). When the nmr tube is placed in a magnetic
field, the spacing between the two alowed energy levels changes and so from a thermodynamic
point of view work was done during the act of placing the tube in the magnetic field. In contrast,
at amicroscopic level, heat occurs in any process which redistributes a set of particles among a
set of allowed energy levels. So in our nmr example, if we use aradio pulse to excite a set
protons from the lower energy level to the higher energy level, this would be considered heat
since, we are not changing the spacing between allowed energy levels, we are only changing the
number of particlesin each allowed level. Inthe genera case, we can change both the allowed
energy levels and the distribution of particles anong the allowed levels and so from a
thermodynamic perspective both heat and work can occur in a particular process.

Calculations of thermodynamic quantities for ideal gases
We will now consider example calculations for the determination of heat, work and DU
for various processes. First we will consider a constant temperature (isothermal) expansion of a
gas. Thedifferentia work isgiven by -PdV. In order to calculate the work, we merely need to
integrate this differential from the initial to final volumes. The difficulty isthat in the generd
case, pressure will be afunction of volume and in order to evaluate the integral we must know
how pressure changes with volume. In order to express this relationship, we will use an equation
of state. An equation of state is a mathematical relationship between the intensive lab variables
which describe the state of the system. The most well known equation of state istheideal gas
law. To proceed with our calculation, we will use the idea gas law to substitute for pressure.
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In evaluating this integral, we used the fact that we have a closed system (n is constant) and that
the path isisothermal (T is constant). Based on thisformula, if we double the volume of one
mole of an ideal gasat 300 K, the work will be-1730 J. The negative sign reminds us that the
system did work on the surroundings and that energy was leaving the system in the form of work.
Now we have one of the three quantities defined by the first law. In order to evaluate DU and q,
we need additional information. In our example, we have used the ideal gaslaw. We can take



advantage of one additional characteristic of an ideal gasto further our calculations. Anidea gas
possesses only kinetic energy and not potential energy. The kinetic energy depends on
temperature since average velocity is higher at higher temperatures but does not depend on
volume. Therefore, since we are considering an isothermal expansion, DU will be zero and from
thefirst law, q will equal +1730 Jin our example. That is heat will flow into the system to
compensate for the energy leaving the system aswork. A calculation of the thermodynamic
properties for the compression of an ideal gas would work the same way except that the signs on
w and g would be reversed.

Next we will consider a constant volume heating. If the volume is constant during the
process there can be no expansion/compression work. If we are limiting ourselves to considering
only PV work, then w is zero and by the first law q = DU. In the genera case, there will be non-
PV work and so w is not automatically zero for every constant volume process. In order to
calculate g and DU, we need to know how internal energy changes with temperature and volume.
We can express this dependence in terms of atotal differential as shown in equation 5.
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A total differential isthe sum of partial derivatives multiplied by the differential of an
independent variable. There will be as many termsin the total differential asthere are
independent variables needed to describe the system. If we have a pure homogeneous system, we
only need two independent variables to completely describe the state of the system. We have
some flexibility in choosing which variables will be our independent variables. Because of the
path we are examining, temperature and volume make a convenient set of independent variables.
For a constant volume heating of an ideal gas, the second term drops out and the changein
internal energy can be calculated by integrating equation 5.
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Because the derivative of interna energy with respect to temperature occurs in so many
different contexts in thermodynamics, it is given its own symbol (C,) and is referred to as the
constant volume heat capacity of a substance. Asafirst derivative, C, may be a constant, but is
more often itself afunction of temperature. Assuch, in order to evaluate the integral in equation
6, we will need to know how C, for aparticular system varies with temperature. Asasimple
example, we will consider the constant volume heating of an ideal noble gas with a constant heat
capacity (C,) of 12.5 Jmol K. If 1 moleis heated from 273 K to 373 K, DU isequal to 1250 Jas
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Consider now, how the thermodynamic quantities will change if the heating is done at
constant pressure rather than constant volume. In this case, there will be expansion work since
the volume of the system will be changing.
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We will again consider heating 1 mol of an idea gasfrom 273 to 373 K. Thistime the pressure
will befixed at 1.00 bar. From the ideal gas law, theinitial volumeis22.7 L and the final
volumeis 31.0 Liters. Thusw for this processis-(1.00 bar)*(31.0 - 22.7 L) =-830J. Notice
that work is again negative because the system is expanding. How can we determine g and DU in
this example? One approach isto recognize that the initial state of the system was one mole of
gasat 273 K and the final state was one mole at 373 K. These are the sameinitial and final
conditions as in our previous example. Since U is astate function, DU must be the same asin the
previous example, because the initial and final temperatures are the same and DU depends only
on temperature for an ideal gas. Thus DU is 1250 J and the heat transfer from the first law is
1250 J + 830 J = 2080 J.

There is a second approach we can use to calculate q in this example. We can use a
mathematical tool called aLegendre transform to define a new thermodynamic function. We
will start by considering a closed system with a single component and limit ourselves to PV
work. Then thefirst law in differential format can be written as

[ = dg - PdV . (8)
Mathematically, from the definition of atotal differential, equation 8 tellsusthat Pisafirst
derivative of U and V is an independent variable. We can define a new function, enthalpy (H) as
H=U+PV 9
We are using this transformation to convert from V as the independent variable to P as the
independent variable. The transformation in independent variables will be more obviousif we
consider thetotal differential of H

di = dU + pdV + VdP = dg - PdV + VdP + PdV = dg + VdP (20)
Equation 10, leads to two immediate conclusions. First that whileV isa“natural” independent
variable for U, Pisanatura variable for H. Therefore, H will be the more useful and convenient
thermodynamic function for any constant pressure path. Second, for a constant pressure path in
which expansion or compression is the only type of work, dH will equal dq and DH will equal g.
We can also write the total differential for H in terms of lab variables. Asbefore we have some
flexibility in choosing our independent variables. Since we are examining a constant pressure
process and using enthalpy it will be convenient to choose T and P as the independent variables
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The derivative of H with respect to T is seen in awide variety of situations and so is given its
own symbol (C,) and is referred to as the constant pressure heat capacity. For the constant
pressure heating of an ideal gas, the second term in equation 11 drops out and we can eva uate

DH and thus g by integrating the first part of equation 11




AH = [Car (12)

As with the constant volume heat capacity, C, is often afunction of temperature itself in which
case, we would need to know how C, varies with temperature in order to evaluate the integral.
Thesimplest caseisif C,isaconstant. Inall cases, C, will be greater than C,. Thisis becausein
a constant pressure heating, some of the energy entering the system as hest is leaving the system
as expansion work and so more heat will have to be added in order to raise the temperature of the
same system by one degree which is the practical definition of a heat capacity. Likewiseina
constant pressure cooling, some of the energy leaving the system in the form of heat is being
replaced by the work the surroundings are doing on the system by compressing the system. Thus
more heat needs to |eave the system to drop the temperature by one degree than in a constant
volume cooling.

We have described how to cal culate thermodynamic quantities for three common types of
paths so far. Thereisone additional category of path to consider. Thisisan adiabatic path.
Adiabatic means that thereis no heat transfer between system and surroundings. In other words,
we would describe the system as perfectly insulated. In thiscase, qiszero so DU equa w. We
will focus on an adiabatic expansion or compression of an ideal gas. For an expansion, the
system is doing work on the surroundings so energy is leaving the system in the form of work
and is not being replaced by a heat flow since the path is adiabatic. Thus the temperature of the
system must be decreasing. For anideal gas, knowing the amount of temperature decreaseis
sufficient to determine, DH and DU and thusw. Consider the following example, one mole of an
ideal gasis expanded adiabatically from 20.0 L to 40.0 L with a starting temperature of 373 K. If
we can determine the final temperature it will be possible to evaluate all the thermodynamic
functions. We start with the total differential of U.

dU = dg - PdV (13)
As before, we are restricting ourselves to PV work. The over-bar indicates that al quantities are

defined on a per mole basis. That isthey areintensive rather than extensive properties. We now
apply the adiabatic constraint and the definition of an ideal gasto obtain
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which can be rearranged and integrated to give the following relationship
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We can make uée of one last definition to simplify equation 15. We can definetheratio of C/C,

asg Thiswill allow usto calculate the final pressure and from that the final temperature.
17 ¥
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Once the final temperature is known, DU and DH can be determined using equations 6 and 12.
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In our example, using the ideal gaslaw, theinitia pressureis 1.55 bar. We will assumethat gis
5/3 which is appropriate for anoble gas. Using equation 16, the final pressureis 0.488 bar. The
final temperature using the ideal gaslaw is 235 K. If the constant volume heat capacity is 12.47
Jmol K, then DU is-1720 Jand DH is-2870 J. Since q iszero by definition for an adiabatic
process, w is equal to DU by thefirst law and is-1720 J. The sign indicates that the system is
doing work on the surroundings and energy is leaving the system which is consistent with the
expansion and the temperature drop.

How can we extend these cal culations to systems other than ideal gases? For each of the
paths previously described, the starting point is the same as for the ideal gas. Thusto calculate
work for an isothermal expansion, we would still integrate -PdV. The difference isthat we
would use an some other equation of state rather than theideal gaslaw. Asan example, consider
the isothermal expansion of avan der Waals gas. In this case
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Recall that in the van der Waals equation of state, aand b are molecule specific parameters.
Unlike an ided gas, the internal energy of areal gas depends on both temperature and volume.
Thus, we would need to integrate both termsin equation 5. Likewise the enthalpy of areal gas
depends on both temperature and pressure and so we would need to integrate both termsin
equation 11. Once we have values for w and DU, we can determine q by difference.

Chapter 2: The Second Law

Entropy and Spontaneity

In addition to calculating heat, work, and changes in internal energy, we would like to
predict whether a particular process will be spontaneous. By spontaneous, we mean that it will
occur without outside interference on the system. This suggests that we might be able to use DU
to determineif aprocessis spontaneous. Clearly, doing work on the system or having heat flow
into the system from the surroundings would be considered to be outside interference. Therefore,
we might think that any process for which DU or DH of the system is positive will be non-
spontaneous while any process for which DU or DH of the system is negative will be
spontaneous. Unfortunately, this hypothesisis not born out by experience. Many processes for
which DU and DH of the system are positive are spontaneous and likewise many examples exist
of processes for which DU and DH of the system are negative but the process is non-spontaneous.
The most familiar examples of this are phase transitions. Freezing of water is exothermic yet at
room temperature it is not spontaneous. Likewise vaporization of water is endothermic and yet
at 400 K it is spontaneous. Thusif we want ageneral criterion for spontaneity, we must look to
some other thermodynamic state function and not rely on internal energy or enthalpy as our
guide.



In the course of the 19" century, the study of steam engines from athermodynamic
perspective was avery hot topic. Engineers and scientists were trying to understand what factors
influence the efficiency of an engine. In other words, how could you get the most work out from
the combustion of afixed amount of fuel? The work of Carnot and Clapeyron and othersled to
the definition of a new thermodynamic function; entropy (S) . Asadifferential quantity, entropy
isdefined as
dg:ﬂs‘.'
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Notice that entropy change is defined in terms of heat. The subscript rev stands for reversible.
Since heat is a path function, the amount of heat flow will depend on the path chosen. We can
calculate entropy changes from heat only for a specific category of paths. In the thermodynamic
sense, reversible means that the system isin equilibrium with the surroundings all throughout the
process. For example in the reversible compression of a gas, the pressure of the gasin the system
isaways equal to the external pressure in the surroundings. We can aso define areversible
process as one which occurs infinitely slowly or requires an infinite number of steps to complete.
From this definition, we can see that areversible processis anideal limit to any real process
since areal process can not take an infinite amount of time to compl ete.

ds =

We can also define areversible path by the amount of work done on the path. Consider
the expansion of anideal gasat 300 K from 1.0 litersto 11.0 litersin asingle step against an
opposing pressure of 1.00 bar. Then the work donein thisirreversible processis-(11-1
liter)*1.00 bar or -10 Liter-bar which is equivalent to -1000 Joules. Notice the negative sign
which tells us that the system is doing work on the surroundings. Now assume that we do the
expansion in two steps. In thefirst step, the opposing pressureis 2.0 bar and the ending volume
is5.5 liters. In the second step, the opposing pressureis 1.0 bar and the final volumeis again
11.0 liters. Thework isgiven by -(5.5 -1 liters)*2.00 bar + -(11-5.5 liters )* 1.00 bar which
equals-14.5 liter-bar or -1450 J. Notice that with more steps, the system can do more on the
surroundings. This suggests that the maximum work that the system can do on the surroundings
is obtained from a process that takes an infinite number of steps. In other words, the maximum
amount of work is obtained from areversible process. To calculate the reversible work, we
replace our sum of steps with an integral.
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In our example this would be equal to -2640 J. Since by all the paths we have described in the
preceding paragraph, we have moved from the same initia state to the same final state, DU
would be the same for all the different paths. Thusif for this expansion, w has its most negative
value for the reversible path, then q will have its largest possible positive value. By asimilar line
of reasoning, we can show that for a compression of a gas, the reversible path will require the
minimum amount of work into the system. This means that the reversible compression will have
the smallest magnitude of heat transfer to the surroundings.



We know that heat is a path function, but what about entropy? Sinceit is calculated using
heat it might be reasonable to assume that entropy is aso a path function. However, the first law
indicates that changes in state functions can be calculated using path functions. It turns out that
thisis aso the case for entropy which is a state function. In mathematical terms, we can say that
the reciprocal of temperature is an integrating factor which converts an inexact differential (dq)
into an exact differential dS. All thermodynamic state functions have exact differentials while
path functions have inexact differentials. A necessary characteristic of an exact differentia is
that the mixed second derivatives are equal. Asan example consider thetotal differential for P
intermsof T and V.
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If we evaluate these derivatives using the |deal gas law, we find that both mixed second
derivatives are equa to -nR/V? Likewiseif we use the van der Waals equation, we find that both
mixed second derivatives are equal to -R/(V-b)%. This example demonstrates that pressureis a
state function. Likewise as we will see the mixed second derivatives of entropy are also equal.

A second necessary condition for any state function is that the cyclic integra be equal to
zero. A cyclic path is apath that takes the system in a series of steps back to the starting state.
Consider what isreferred to as the Carnot cycle. Thisisareversible four step process consisting
of an isothermal expansion at high temperature, an adiabatic expansion, an isothermal
compression at low temperature and an adiabatic compression. Since steps two and four are
adiabatic, they do not contributeto q. Since they are reversible, they do not contribute to DS.
The total heat for the cycleis
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To obtain the second equality in equation 5, we used the relationship between temperature and
volume for an adiabatic expansion or compression. Notice for this cycle, g is positive meaning
that the net heat flow isinto the system. Notice aso that g for the cycleis not zero which again
demonstrates the q is a path function. What about DS. From equation 1, we can say that
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Although our derivation used an ideal gas, the concl usion that for any cycle DS must be zero is
actually valid no matter what substance the system is composed of. Clausius and others used
proofs related to the efficiency of engines to demonstrate that for any reversible (equilibrium)
process occurring in an isolated system, DS must be zero and that for any irreversible
(spontaneous) process in an isolated DS must be positive. These statements form the basis of the
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2" law of thermodynamics. Since the universe can be considered an isolated system. The
second law is often phrased as “ The entropy of the universe increases in any spontaneous
process’.

We will use the vaporization of water to demonstrate the second law in action. First we
will consider the vaporization of water at 373 K, the normal boiling point. Normal boilingis
defined as taking place at constant pressure of one atmosphere and so heat for the system is equal
to DH. The enthapy of vaporization for one mole of water is40.656 kJ. Notice that the process
is endothermic since interactions between molecules are being disrupted. The path is isothermal
and so DS, 4., isequal to DH/T or 0.1089 kJK What about DS for the surroundings? For the
surroundings, q is equal to -40.656 K. Since the surroundings are also at 373 K, DS, ,, isequal to
-0.1089 kJ/mol and the entropy change for the universeis zero which isrequired for areversible
process. What if the water is vaporized at 383 K. Thisis clearly a spontaneous process
according to our everyday experience. DS for the surroundingsis now
-40.656/383 or -0.1061 kJK. For the system, we must construct an equivalent reversible path so
that reversible heat can be determined and used to calculate DS. Wefirst reversibly cool the
water to 373 K. Then the water is vaporized reversible, and finally the vapor is heated reversibly
to 383 K. We add the entropy change for each of the three steps and obtain an DS of 0.1077
kJK. Thus the entropy change for the universeis 1.6 JK and is positive asrequired. What if we
consider vaporization at 363 K where it should be non-spontaneous. DS for the surroundingsis
now -112.0 JK. For the system, DSis now 110.0 JK and the entropy change for the universeis
-2.0 JK asrequired by the 2" law for a non-spontaneous process.

Although the second law provides an unambiguous, universally applicable method for
determining whether any particular process will be spontaneous, it suffers from the limitation
that it is a property of the universe rather than of the system that is used to decide spontaneity. It
will be convenient to define additional state functions which will provide criteriafor spontaneity
based just on the system. We will limit ourselves to processes occurring at a fixed temperature
and assume that the system and surroundings are in thermal equilibrium. In other words that the
temperature of the surroundings is the same as the temperature of the system. From the second
law, we can say that

dg LRIVErTS

The volume of the surroundings can be considered as essentially constant even if the volume of
the system is changing because of the vast size of the surroundings. Therefore, dg for the
surroundingsis equal to dU for the surroundings. Since U is a state function, dU must have the
same value regardless of path. So we can say that dq for the surroundings must correspond to a
reversible path from the perspective of the surroundings regardiess of what is happening in the
system. Thus we can replace dS,,, with dq,,,/T. From the first law, we know that dd e, is
equal to -dq,,, and so we obtain the following as a criterion for spontaneity

fﬂg—%zﬂ or dg - TdS £0 (8)

We have dropped the subscripts since al quantities now refer to the system. To proceed further,
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we apply additional constrains. There are two possibilities. First the process of interest may be
occurring at constant volume. Then dq isequal to dU and we obtain

dU -TdS £ 0 or AU -TAS £0 9
The second possibility isthat the process is occurring at constant pressure then dq is equal to dH
and we see that

dH-TdS<0 o AH-TAS<0 (10)

Notice that our expressions contain only state functions. This means that these combinations
must also be state functions. This function based on equation 9 is called the Helmholz function
and is given the symbol A.

A= =15 or Ad =AU -TAS (12)
Notice that A is another Legendre transform of U using the terminology previously used when
defining H. According to equation 9, DA must be negative for any spontaneous process
occurring under conditions of constant temperature and volume and is zero for any process at
equilibrium under those same constraints. Based on equation 10, we can define the Gibbs
function as a Legendre transform of enthalpy

G=H-T§ or AG=AH-TAS (12
Our criteriafor spontaneity for any process occurring at constant temperature and pressure is that
dG or DG for the system must be negative. The criteriafor equilibrium isthen that dG or DG
must equal zero. Because chemical reactions and phase equilibria are often studied under
conditions of fixed temperature and pressure, the Gibbs function will be the most common
criteriafor spontaneity.

We can a so related the Helmhol z function and Gibbs function to the amount of work
available from a particular isothermal path. We begin by noting that A = U-TS. Then we use the
first law to obtain

dd =dU -TdS =dg+dw-TdS =TdS + dw - TdS = dw (12a)
This derivation required that the path be reversible so that dq could be substituted by TdS. If the
process is spontaneous dA is negative as is dw and so DA represents the amount of reversible
work that the system can do on the surroundings for the process under study. Thus the Helmholz
function is often referred to as the work or Arbeit function; hence the symbol A for the function.
Arbeit isthe German word for work. We can perform a similar derivation for the Gibbs function
asfollows

el =i~ TelS = dll + Pd¥ ~ TdS= dy+ dw+ PdV —TdS (12¢)
This differential assumed constant temperature and constant pressure for the path. If we further
restrict ourselvesto areversible path, dg and TdS will cancel out to leave

dG = dw + PdV = dw'-PdV + PdV = aw' (12d)
In this expression, we have separated work into two categories PV work and all non-PV work
(dw’). From our derivation, we see that for an isothermal isobaric reversible process, DG is equal
to the amount of non expansion/compression work that the system can do on the surroundings.
In other words, DG is the portion of the energy change theis free (available) to do work on the
surroundings. Thisiswhy DG is often referred to as the free energy change. By non-PV work,
we are usually referring to electrical work (batteries) or chemical work (hydrolysis of ATP for
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example).
Chapter 3: Thermodynamics and Calculus

We can summarize our discussion of thermodynamic quantities using what are sometimes
referred to as the four fundamental equations of thermodynamics. We will start by focusing on
closed systems in which only reversible PV work is occurring. Then we can write the first law as

dU = TdS — PdV (13)
In this form, volume and entropy appear as natural variables of U. Temperature and pressure can
then be recognized as first derivatives of U
| T“".I l “".
=), P=\Z).
From equations 13 and 14, we can make a general statement about acI osed system composed of
any substance. Since pressure must be a positive quantity, the derivative of internal energy with
respect to volume at constant Sis always negative. That isincreasing the volume lowers the
internal energy for adiabatic paths. Since the system must do work on the surroundings in order

to increase the volume, and since we have restricted our consideration to paths with no heat flow
(constant S), the internal energy must decrease.

(14)

Sinceinternal energy is a state function, we can say that the mixed second derivatives
must be equal. In thermodynamics, we refer to this type of relationship asa Maxwell
relationship in honor of the British scientist James Clerk Maxwell.

e 5.[}—“*-. A d’ﬂl f I,f,ir‘“.l ' I,;—j.P“sl

F\ &) _% a) 7 \&).” &),

The second of the fundamental relationshipsis for the enthal py

dH = TdS + VdP (16)
For enthal py we see that entropy and pressure are the natural variables. From equation 16, we
can obtain a second Maxwell relationship

(15)

i Cﬂ-‘.ll f ‘1||
vzl B 17
@), \&), 4
The final two equations are for the Helmholtz function and Gibbs function in closed systems
dd:= —Sdl — PdV and dG = -SdT + VdP (18)

For the Helmholtz function, the natural variables are temperature and volume while for the Gibbs
function the natural variables are temperature and pressure. The fact that for these two functions
the natural variables are typical lab variables explains the special utility of these two functions.
Since much chemistry is performed under conditions of constant temperature and pressure, the
Gibbs function is particularly useful. From equations 18, we obtain two additional Maxwell
relationships.
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Based on equation 18, we can make a couple of statements about the Gibbs function for any
substance in aclosed system. If the pressure increases at constant temperature, the Gibbs
function must also increase. Thisis because the first derivative of the Gibbs function with
respect to pressure is volume which must have a positive value. So we can say for any gas that
the Gibbs function at 2 bar will be larger than the Gibbs function at 1 bar. Furthermore since
volume usually decreases as pressure increases, we can say that the higher the pressure, the
smaller the effect on the Gibbs function. By similar reasoning, we can say that for al substances,
the Gibbs function decreases as temperature increases. Absolute entropies are always non-
negative and so the slope of a plot of Gibbs function versus temperature will always be negative.
Furthermore, since absolute entropy always increases with temperature, the slope of a plot of
Gibbs function versus temperature will be steeper at higher temperatures.

The Gibbs function like the Helmholtz function is an extensive function. Aswe noted
previoudly, it is preferable to work with intrinsic functions rather than extensive functions. Thus
it will be helpful to define a new quantity, chemical potential ( n) , aso caled the partial molar
free energy. For a homogeneous pure system, the chemical potential is simply G/n. In the more
general case of multiple components in an open system the chemical potential is defined as

s ﬁ?“\l
b Eﬂqf .H'I

p= (20)
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For a system of multiple components, we can re-write the Maxwell relationships in terms of
partial molar quantities

() ( 58S
% ﬂ_'; Pr, * fﬁjj T.n

We can a so write the total Gibbs function for any mixture as a sum of contribution of the
different chemical potentials.

G= Z J7R (22)

We will now derive an expression for the chemical potential of an arbitrary pure
substance as a function of either temperature or pressure. First let us consider pressure as the
independent variable with temperature being held constant. Based on the total differential of G

or mwe can write down an integral relationship
I F

_[ du= _[ VdpP (23a)
e P
In this expression, the naught superscript indicates a standard state; usually 1 bar. For asolid or

liquid, we can often approximate density or molar volume as independent of pressure which
makes the integral easy to evaluate

(21)
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u-pu’ =v(P-1) oo u=u"+v(P-1) (23b)

notice that chemical potential is usually tabulated with units of J or kJ per mol while the second
term in equation 23b has units of L-bar/mol. Thusin performing any calculations, you must
watch the units carefully. Since densities or molar volumes must be positive, equation 23b
indicates that chemical potential must increase as pressure increases for all liquids and solids.
Furthermore, since the molar volume of atypical liquid or solid is small ( afew mL per mole),
the chemical potentia will change very slowly with pressure. The evaluation of equation 23ais
slightly more complicated for a gas because molar volume will change dramatically with pressure
for agas rather than being nearly constant. To proceed, we must use an equation of state to
express volume as afunction of pressure. The simplest possibility for an equation of stateisthe
ideal gaslaw. Then equation 23a becomes

5 p

r RT i p PO
H | | | | [
p=g +| —dPor p=u"+ = =4’ +RTInP 24
-[PD P Ji= f RTlm_\ py) = HF RTln| Bar) ~ 4t RTln (24)

R 2l f o
The final version is the most commonly used form. If you see the equation with this form, you
want to remember that the denominator of 1 bar isimplied even if it is not written out so that P
must also have units of bar.

How would chemical potential change with temperature under conditions of fixed
pressure? Again we start with the total differential in an integral form
i T
_[ du= - _[ SdT (25a)
u® 258
As before the naught superscript refers to a standard state which is often taken to be 298 K. To
evaluate this expression, we need absol ute entropy as afunction of temperature. If heat capacity
is a constant which can be a poor assumption, this expression can be written as

1 ol i == T =
= 4~ P17 -298)-C, a4 C,(7- 99 (25b)

Notice that as T increases above 298 K, chemical potential decreases because absolute entropies
and heat capacities are always positive. Also since the absolute entropy of agasis much larger
than the corresponding liquid or solid, the drop is most dramatic for gases. For all three phases,
the temperature dependence is more pronounced than the pressure dependence be cause of the
magnitude of the absolute entropy at 298 K.

We can generalize equation 24 in the following manner. If the gas under study is non-
ideal, then the actual chemical potential will be different than the ideal gaslaw prediction. The
actua chemical potential may be either somewhat larger or smaller than the ideal gas prediction
depending on the gas under study and the exact pressure of the gas. We will define anew
guantity called the fugacity (f) and then re-cast equation 24 as

w=pu’ +RTIn f = 4 + RTInyP (26)
where gis called the fugacity coefficient and can be slightly greater than or less than one. We
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can usethe virial equation (or other equations of state) to calculate the fugacity coefficient and
thus the fugacity using the following relationship.
pZ-1

In this expression Z is the compressibility of a gas as defined in the virial equation. We can see
that if Z is greater than one, the fugacity coefficient will also be greater than oneand if Z isless
than one, then the fugacity coefficient will be less than one.

We can extend the concept of non-ideal behavior to the condensed phase by defining a
quantity called the activity which will be analogous to fugacity. For apure solid or liquid, we
can define the activity so that

u=pu' + RTna (28)
By definition the activity of any pureliquid or solid isone in the standard state. However, if the
substance is at a substantially different pressure or temperature the activity will be different from
one. In order to calculate the activity under non-standard conditions, we combine equation 28
with either equation 23 or 25. If we are interested in the pressure dependence, we obtain the
following approximate expression

=
lna= E(F- 1) (29)

Consider liquid water at 298 K and 10 bar with amolar volume of 18 mL/mol. Then by equation
29, the activity of water at 10 bar is 1.007 which is barely different from the reference value of 1
at one bar and corresponds to a change in chemical potential on the order of 17 Jmol whichis
small compared to the value of the chemical potential itself.

Chapter 4: Mixtures

Although activity can be used to understand the behavior of pure liquids and solids at
high pressure or non-standard temperatures, the real utility of the concept is seen when
describing the properties of a mixture of substances. In a solution, we can define the activity of
each component as an activity coefficient multiplied by a concentration. The chemical potential
of asubstancein amixtureisthen given by

i = i + RTlna, = i + RTlny.x, (30)
In equation 30, we have used mole fraction (x) as the concentration variable. Thisisthe
preferred choice of concentration units when mixing two or more liquids and for the solvent
when solids are dissolved in liquids. The reference chemical potentia is then the pure liquid and
the activity coefficient must equal oneif the pureliquidisat 298 K and 1 bar. The activity
coefficient is represented by the symbol g. The activity coefficient can be either greater or less
than one and its value will depend on the identity and concentration of al the various speciesin
solution.

An important point to remember is that the thermodynamic properties of solute and
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solvent can not vary independently but must vary in a coordinated way. The mathematical
representation of thisinterrelatednessis called a Gibbs-Duhem relationship.

= ;e x5
diy=-—dy, O dVy=-—dV, o dlna, = -—dlna,

X, H, X,
If the chemical potential or molar volume or activity of component one isincreasing then the

corresponding property for component 2 must be decreasing. We will use this concept when we
discuss linkage relationships for receptors that bind more than one ligand.
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