CH 341: Physical Chemistry I

Introduction to Error Analysis

Accuracy versus precision
The goal of any experiment you might conduct is to obtain results that are both accurate and precise.  An accurate result means that your measurements are close to the Atrue@ or accepted value.  A precise result means that all of your measurements agree well with each other.  It is possible to have very precise results and not be very accurate.  Likewise, we can at least imagine a result being accurate but not very precise.  Practically, it is difficult to answer the question of whether our result is accurate if the result lacks precision.  

Sources of experimental error
Why might a result be inaccurate?  The general answer to this question is that the measurements were tainted by systematic error.  Systematic error includes such things as a thermometer that is not properly calibrated, a spectrophotometer that is not properly zeroed, instrumental drift, or leakage in a constant pressure system.  Of course there are many other possible sources for systematic error depending on the experiment being conducted.

Also in the category of systematic error is what might be called personal error since it results from the subjective judgements of the observer.  A consistent misreading of the meniscus in a buret or volumetric flask, for instance, or a consistent and inappropriate rounding up or down would be considered systematic errors.  As much as possible experiments should be conducted in such a way to minimize all of these different sources of systematic errors.

Why might a measurement be imprecise?  It is random error that generally leads to a loss of precision.  In the case of a random error, repeated measurements of the same quantity with the same instrument will give slightly different results.  For instance four measurements of the time that it takes for a certain color change to occur may give the following answers 80.35, 80.14, 80.52, and 80.47 seconds.  We have an experiment in which four different measurements result in four different values.  This could be due to slight variations in the operation of the stopwatch or slight variations in the human response to a color change.  In this situation, where each measurement give a slightly different result, what number should we report as the time and how should we characterize the precision of our measurement? 

Estimating Uncertainty
If our error is random in nature rather than systematic, the value to report is the mean of all our measurements.  Thus for the time measurements mentioned above, we should report the time as (80.35 + 80.14 + 80.52 + 80.47)/4 = 80.37 s.  Note that the time was rounded off to four significant figures since all of the time measurements have four significant figures.  If the errors are truly random, this mean value should be a better approximation to the Atrue@ result than any single measurement.  Of course if there is some systematic error affecting some of the measurements then the average value would not be the best value to report.  To characterize the precision of our measurement, we can calculated the standard deviation of our set of measurements as 
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where n is the number of data points and x with a bar over it represents the average value of the measured quantity x.  For the set of time measurements, the standard deviation is 0.17 s.  The standard error of the mean is then given by 
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For our time measurement example, the standard error is 0.17/2 = 0.08 s.  What is the standard deviation of a set of data telling us?  It says, in this case, that 2/3 of the time, an individual measurement of time will be between 80.54 and 80.20 that is the mean 1 standard deviation and that 95% of the time a measurement should fall between 80.71 and 79.03 s, the mean 2 standard deviations.  

Likewise, if we or someone else repeat the set of measurements several times, we will come up with a mean value each time.  The standard error of the mean tells us that were 10 other people to perform this experiment, 2/3 of the time their mean should fall between 80.45 and 80.29 or  1 standard error of the Atrue@ value assuming our mean is the Atrue@ value.  It also says that 95% of the time other people should report values between 80.53 and 80.21 seconds or 2 standard errors of the mean.  Thus, in a written summary of the experiment, we might report our answer as 80.37  0.16 s (two standard errors of the mean or the 95% confidence level) which gives the reader some idea of the precision of our measurement and some idea of how well they should be able to reproduce our numbers.   

Discarding Data
What about the question of discarding data?  This subject causes some controversy.  The position held by some is that you should never discard any data unless you can say at the time the data was obtained the reason why it is discordant.  A typical example might be realizing that you forgot to zero the balance while you are still making the measurement or walking back to the bench.  In this case, you should, of course, discard the data.  What about the more general case where one measurement in a set seems off but no obvious reason for the discrepancy was apparent when the measurement was taken?  Our discussion of distributions and standard deviations suggests that we might have a statistical means for deciding to discard some data.  What if we repeated the time measurement experiment and obtained a fifth data point?  Now our data set is 80.35, 80.14, 80.52, 80.47 and 79.60 s.  If our previous discussion holds, then the value of 79.60 s seems pretty small to have occurred randomly and maybe the measurement was contaminated by some systematic error.  If it was a contaminated measurement, we should reject the data point.  How can we decide if it is appropriate to reject the data?  One way to quantify this is the Q-test
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This ratio is called a Q value.  For our example, Q is equal to 0.59.  The Q test, which is related to the standard deviation, states that if the calculated Q value is less than a critical Q, you must keep the data.  If Q exceeds the critical Q, you can consider discarding the measurement.  The critical Q value depends on the number of measurements taken.  A list of critical Q values is given at the end of this handout.  We see from that list that the more data points you have, the smaller Qcritical is. Since, in our example, the calculated Q is less then the critical Q of 0.64 for 5 measurements, we should keep the value even though it seems a bit low.  What if the extreme value were 79.30, then Q = (80.14-79.30)/(80.52-79.3) = 0.84/1.22 = 0.69.  Now Q is greater than Q critical.  Thus rejecting the data point would be acceptable from a statistical point of view.  

Significance testing
Let’s ask another question.  We have determined a value of 10.466 g/cm3 for the density of silver and an error in the mean from six determinations of 0.024 g/cm3.  Is our answer significantly different from the value in the Handbook of Chemistry and Physics?  We look that value up and find out that it is 10.501 g/cm3 with no uncertainty to 5 significant figures. How do we decide if the difference between our value and the literature value is significant?  We can use what is usually referred to as the student t-test.  First, we calculate the discrepancy () which is equal to the absolute value of our measured value minus the Atrue@ value.  For the silver example,  is equal to 0.055 g/cm3. The student t-test tells us that  should be less than t times the error in the mean.  The value of t depends on a confidence level and the number of measurements or degrees of freedom.  At the 95% confidence level, with the degrees of freedom equal to N-1 or 5, t is equal to 2.02 and t times the error is equal to 2.02*0.024 or 0.0485.  Since our  is greater than t times the error, we would say that our value for the density is significantly different from the Atrue@ value indicating some systematic error in our measurements.  If the difference had been smaller than t times the error, we could say that with 95% confidence our value is not significantly different from the accepted value.  

Propagation of error
Often we will be calculating quantities that depend on several measurements.  How can we estimate the uncertainty in such a derived quantity?  

Let’s say we are interested in the specific rotation of a molecule which is defined by the following formula. 

 



[] = (V/Lm)
All of the quantities on the right-hand side of the equation can be measured experimentally.  We measure V to be 25.00 ml with an uncertainty of 0.02 ml.  This is a reasonable error estimate with a 25 ml volumetric flask. L is the length of the tube and we measure it to be 2.000 dm with an uncertainty of 0.002 dm.  The uncertainty would be based on the type of ruler we used to measure the distance.  The mass of the sample is 1.7160 with an uncertainty of 0.0003 g. This uncertainty would be dictated by the number of digits reported by our electronic balance.  Finally, is the rotation of light in degrees which we measure ten times and get an average value of 20.950 with a standard error of 0.016 degrees.  Using the formula, we calculate the specific rotation as 

[] = 152.6 deg mL/dm g  

Note that we report the answer to four significant figures based on the volume measurement.  What uncertainty should we report in the specific rotation?   

There are two ways of approaching this question.  First we can start with the total differential 
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which leads to an approximate error of   
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Thus we need to evaluate four partial derivatives.  In this example, the derivatives are
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We plug in values for , V, l, and m to get numerical values for the derivatives and then plug those numerical values into the error equation.  We take dL, dV, dm and d to be the reported uncertainties.  Using this method we would calculate an uncertainty of 0.229 deg mL/dm g.   

A second method says we can approximate the relative uncertainty in a derived quantity as 
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with this method we get 
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thus F/F = 0.00151 or F = 0.23 and the two methods are equivalent.
We would report the specific rotation as 152.6  0.2 deg mL/dm g since you would normally report only one digit for an uncertainty since any addition digits are meaningless.  The uncertainty estimate is also consistent with the maximum number of significant figures appropriate for reporting our result.  Either approach is acceptable in this class.  

Fitting data to a functional form
Often we will want to fit data to a functional form.  Most commonly, this is a straight line but a similar approach can work for other functional forms.  Typically, we do this fitting because the coefficients of the fit (the slope and intercept of a straight line) have some physical meaning.  What does it mean to fit a set of data to a mathematical expression?  Specifically, we are looking for the best fit.  How do we distinguish the best fit from other possible coefficients?

The basic idea is that the best fit will have the smallest residuals.  A residual is defined as ycalc - ymeasured.  If we are doing a straight line fit, ycalc = mxmeasured -b.  Thus our overall residual function is  
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If we want the best values of m and b, we want the residual function to be a minimum.  Using standard calculus, we take the derivative of the residual function with respect to m and b
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and  
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To find a minimum, we set both derivatives equal to zero and thus have two equations and two unknowns, m and b.  With a little bit of algebra, such a set of equations can be solved to give the following formulas for the best value of m and b.
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Of course depending on the quality of the data, there will be more or less uncertainty in the values of the slope and intercept.  The more scatter in the starting data, the more uncertainty in the slope and intercept.  We can calculate the uncertainty in the slope or intercept with the following formula. 

The error in m = 
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 which is the denominator of the previous expressions and 2 = 
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Most spreadsheet programs have an equation-fitting algorithm as does a typical graphing calculator.  Thus there is no need to memorize the equations for m and b.  However, not all spreadsheets and graphing calculators will evaluate the uncertainty in the slope and intercept.  Thus you might need to estimate these uncertainties by hand.  

Let’s look at an example of fitting an equation using the following heat capacity data.

Cp (J/mol K)

T (K)

_______________________

1.672


20

4.768


30

8.414


40

11.65


50

14.35


60

16.29


70

17.91


80

19.09


90

20.17


100

In this case T is the independent variable and Cp is the dependent variable.  For this set of data, using the above formula, we can calculate a slope, intercept, and error estimates.  A standard spreadsheet such as Origin can also perform these calculations.  The uncertainties will dictate how many significant figures are warranted in the slope and intercept.  Notice that while the uncertainty in the slope is only 9 %, the uncertainty in the intercept is quite large.  Either the raw data is very imprecise or the use of a straight line to fit the data is inappropriate.  An examination of a plot of Cp vs T clearly indicates some curvature suggesting that we could fit the data to some other functional form.  This is also apparent if we look at the residuals which again can be done with a standard spreadsheet. Usually, we will choose a functional form because of some theoretical basis and thus rarely be in a situation of having to choose between to possible fits for the data.    

Chemistry 342

Laboratory Exercise 1
1) Nine determinations of the density of Bi at 20 C give the following values

9.673, 9.714, 9.726, 9.751, 9.735, 9.692, 9.777, 9.758, 9.785 g/cm3
a) What is the mean value for this set of density determinations?

b) What is the standard deviation of this set of density measurements?

c) What is the standard error in the mean density of Bi?

d) Can the lowest of the values be rejected as discordant using the Q test?

e) If the accepted value for the density of Bi is 9.747 g/cm3,no uncertainty to four digits, is our determined value significantly different from the accepted value or not?

2) The molar mass of a solid solute is determined by freezing point depression in benzene using the following formula.  For our solvent, K = 5.120 K kg/mol and k =0.0110 K-1.   
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W = 13.1850.003 g of solvent

T = 1.2630.020 K

w = 0.42320.0002 g of solute

What is the molar mass of the unknown solid?  

What is the uncertainty in the determination of the molar mass?

Which measured quantity contributes the most to the estimated uncertainty?

Assuming five sets of measurements were done, is this determination significantly different from the accepted value of 129.12 g/mol?

For a freezing point depression experiment, describe sources of systematic error and indicate whether they would cause M to be too large or too small. 
3) Using Maple, Origin or some other method, plot P vs molar volume for the van der Waals equation of state for ethane from a molar volume = 0.07 L/mol to 2.0 L/mol.  Use three different temperatures; 184.52 K, 305.34 K and 373.15.
4) You obtained the following data from a set of experiments.  Plot ln P as a function of 1/T where T has units of Kelvin.  Use a linear regression to fit the data with a straight line.  Report values for the slope and intercept along with uncertainty estimates for these values.  Hand in a labeled plot and if you used a spreadsheet hand in the table of data.  

T C


P (torr)

    _________________________


-76.0

51.15

-74.0

59.40

-70.0

75.10

-68.0

91.70

-62.0

134.8

-60.0

154.30

-56.0

192.90

Critical Q values at the 90% confidence level

	N
	3
	4
	5
	6
	7
	8
	9
	10

	Qc
	0.94
	0.76
	0.64
	0.56
	0.51
	0.47
	0.44
	0.41


Critical Values of t

	n: P
	0.75
	0.90
	0.95
	0.99

	1
	1.00
	3.08
	6.31
	31.8

	2
	0.816
	1.89
	2.92
	6.96

	3
	0.765
	1.64
	2.35
	4.54

	4
	0.741
	1.53
	2.13
	3.75

	5
	0.727
	1.48
	2.02
	3.36

	6
	0.718
	1.44
	1.94
	3.14

	7
	0.711
	1.41
	1.89
	3.00

	8
	0.706
	1.40
	1.86
	2.90

	9
	0.703
	1.38
	1.83
	2.82

	10
	0.700
	1.37
	1.81
	2.76

	15
	0.691
	1.34
	1.75
	2.60

	20
	0.687
	1.33
	1.72
	2.53

	30
	0.683
	1.31
	1.70
	2.46
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